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PIOTR T. CHRUSCIEL AND MARC HERZLICH 

Abstract. We present a set of global invariants, called "mass integrals", 
which can be defined for a large class of asymptotically hyperbolic Riemann- 
ian manifolds. When the "boundary at infinity" has spherical topology one 
single invariant is obtained, called the mass; we show positivity thereof. We 
apply the definition to conformally compactifiable manifolds, and show that 
the mass is completion-independent. We also prove the result, closely re- 
lated to the problem at hand, that conformal completions of conformally 
compactifiable manifolds are unique. 



Introduction. 

Let (M, b) be a smooth n-dimensional Riemannian manifold, n > 2 and let 
Mb denote the set of functions V on M such that 

(0.1) AbV + XV = 0, 

(0.2) D.DjV = V{mc{b)ij - Xbij) , 

for some constant A < 0. Here Ric(6)ij denotes the Ricci tensor of the metric 
b, D the Levi-Civita connection of b, and A{, := b^^Dj^D^ is the Laplacian of b. 
Rescaling b if necessary, we can without loss of generality assume that 

A = — n so that = 6*"'Ric(6)ij = — n(n — 1) . 

(M, b) will be called static if 

Mb / {0} . 

This terminology is motivated by the fact that for every V £ Mb the Lorentzian 
metrics defined on M x (M \ = 0}) by the formula 

(0.3) 7 = -V^dt^ + b 

are static solution of the Einstein equations, Ric(7) = A7 (and the Riemannian 
metrics V'^dt^ + b are actually Einstein as well). 

The object of this work is to present a set of global invariants, constructed us- 
ing Mb, for metrics which are asymptotic to a class of static metrics. The model 
case of interest is the hyperbolic metric, which is static in our sense: the set Mb 
is then linearly isomorphic to M""''^; however, other classes of metrics will also be 
allowed in our framework. The invariants introduced here stem from a Hamil- 
tonian analysis of general relativity, and part of the work here is a transcription 
to a Riemannian setting of the Lorentzian analysis in [16]. Related definitions 
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have been given recently by Wang [39] (with a spherical conformal infinity) 

and Zhang [41] (in dimension 3, again with spherical asymptotic geometry), 
under considerably more restrictive asymptotic and global conditions. Wang's 
definition of mass for asymptotically hyperbolic manifolds [39] coincides with 
ours, when his much stronger asymptotic decay conditions arc satisfied (note, 
however, that his proof of the geometric character of the mass is incomplete, as 
he ignores the possibility of existence of inequivalent conformal completions). 
Moreover, the hypothesis of [39,41] that {M,g) has compact interior is replaced 
by that of completeness; this strengthening of the positivity theorem is essential 
when the associated Lorentzian space-time contains "degenerate" event hori- 
zons. 

This work is organised as follows. In Section 1 we review a few static metrics, 
and discuss their properties relevant to the work here. In Section 2 we define 
the "mass integrals", we make precise the classes of metrics considered, and 
we show how to obtain global invariants out of the mass integrals. We show 
that our boundary conditions are sharp, in the sense that their weakening leads 
to mass integrals which do not provide geometric invariants. It is conceivable 
that the strengthening of some of our conditions could allow the weakening 
of some other ones, leading to geometric invariants for other classes of mani- 
folds; we expect that such a mechanism occurs for the Trautman-Bondi mass of 
asymptotically hyperboloidal manifolds. In several cases of interest one obtains 
a single invariant, which we call the mass of {M,g), but more invariants are 
possible depending upon the topology of the "boundary at infinity" d^oM of 
M — this is determined by the number of invariants of the action of the group 
of isometrics of b on Mb, see Section 3 for details. Regardless of this issue, we 
emphasise that we only consider the "global charges" of [16] related to Killing 
vectors which are normal to the level sets of t in the space-time metric (0.3): 
the remaining space-time invariants of [16], associated, e.g., to "rotations" of 
M, involve the extrinsic curvature of the initial data hypcrsurface and are of no 
concern in the purely Riemannian setting here. In Section 4 we prove positivity 
of the mass so obtained for metrics asymptotic to the hyperbolic one. As a 
corollary of the positivity results we obtain a new uniqueness result for anti-de 
Sitter space-time. Theorem 4.3. We also consider there the case of manifolds 
with a compact inner boundary. In Section 5 we show how to define mass 
for a class of conformally compactifiable manifolds. The question of geometric 
invariance of the mass is then closely related to the question of uniqueness of 
conformal completions; in Section 6 we prove that such completions are indeed 
unique. 



1. The reference metrics 

Throughout this paper we will assume that the manifold contains a region 
Mext C M together with a diffeomorphism 

(1.1) :Mext^ [i2,oo) xiV, 
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where A/" is a compact boundaryless manifold, such that the reference metric b 
on Mext takes the form 

(1.2) ^''b=^^+r^h=:b,, 
i Riemannian metric oi 

k equal to 

(1.3) i?^ 



with h — a Riemannian metric on N with scalar curvature and the constant 



l)(n-2)A;, A;e{0,±l}, if n > 2 , 
k = l, if n = 2 , 



(recall that the dimension of is (n — 1)); here r is a coordinate running along 
the [-R, oo) factor of [i?, oo) x A^. There is some freedom in the choice of k 
in (1.2) when n = 2, associated with the range of the angular variable ip on 
N = (see the discussion in Remark 3.1 below) and we make the choice k = l, 
as it corresponds to the usual form of the two-dimensional hyperbolic space. 

When {N,h) is the unit round (n — l)-dimensional sphere (§"~^, g'gn-i), 
then b is the hyperbolic metric. Equations (1.2) and (1.3) imply that the scalar 
curvature Rt, of the metric b is constant: 

Rb = —n{n — 1) . 

Moreover the metric b will be Einstein if and only if h is. We emphasise that 
for all our purposes we only need b on Mext , and we continue b in an arbitrary 
way to M \ Mext whenever required. 

The cases of main interest seem to be those where h is a space form — it 
then follows from the results in [16, Appendix B] that we have 

(1.4) k = 0,-l =^ Mbo = Vect{Vr2 + k} , 

(1.5) k = l, {N,h) = (S"-i,5s«-i) =^ A4o = Vect{l/(^)}^=o,...,n , 

(1.6) V^^^)=^MTk, F(i)=xS 

with the usual identification of [i?, oo) x S"~^ with a subset of R" in (1.6). 
However, we shall not assume that ^ is a space-form, or that Equations (1.4)- 

(1.6) hold unless exphcitly stated. 

For the purposes of Section 5 we note the following conformal representation 
of the metrics (1.2): one replaces the coordinate r by a coordinate x defined as 

2 1 - kx^/4 

(1.7) x = , <J=^ r = —, 

r + Vr^^+k X 

which brings b into the form 

(1.8) b = x-'^ {dx'^ + (1 - kx'^/Afh) 

=: x'H, 

with 6 - a metric smooth up to boundary on {x G [0,Xij] x A''}, for a suitable 
xr. 
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2. The mass integrals 

Let g and b be two Riemannian metrics on a manifold M, and let V be any 
function there. We set 

(2.1) Cij '.= gij bij 

(the reader is warned that the tensor field e here is not a direct Riemannian 
counterpart of the one in [16]; the latter makes appeal to the contravariant and 
not the covariant representation of the metric tensor). As before we denote 
by D the Levi-Civita connection of b, and we use the symbol Rf to denote 
the scalar curvature of any metric /. The basic identity from which our mass 
integrals arise is the following: 

(2.2) V{Rg - Kb) = di (U^F)) + {p + Q) , 
where 

(2.3) W{V) := 2Vd^ (Vg'^'^g^^'DjgM + D^'Vg^^'^ejk) , 

(2.4) p := {-Vmc{b)ij + DiDjV - AbVbij)g'^ g^^eu , 

(2.5) Q := V{g'^ - b'^ + g"'g^^eke)Ric{b)ij + Q' . 

Brackets over a symbol denote anti-symmetrisation, with an appropriate nu- 
merical factor (1/2 in the case of two indices). Here Q' denotes an expression 
which is bilinear in Cij and Dk^ij, linear in V, dV and HessF, with coefficients 
which are constants in an ON frame for b. The idea behind this calculation is 
to collect all terms in Rg that contain second derivatives of the metric in diW; 
in what remains one collects in p the terms which are linear in Cij, while the 
remaining terms are collected in Q; one should note that the first term at the 
right-hand-side of (2.5) does indeed not contain any terms linear in e^- when 
Taylor expanded at g^j = bij. The mass integrals will be flux integrals — un- 
derstood as a limiting process — over the "boundary at infinity of M" of the 
vector density U* 

In general relativity a normalising factor l/lGvr, arising from physical consid- 
erations, is usually thrown in into the definition of U*. From a geometric point 
of view this seems purposeful when the boundary at infinity is a round two 
dimensional sphere; however, for other topologies and dimensions, this choice 
of factor does not seem very useful, and for this reason we do not include it in 
the definition. 

We note that the linearisation of the mass integrands coincides with the 
linearisation of the charge integrands of [16] evaluated for the Lorentzian metrics 
% = -V'^df + h, '^g = -V'^df^ + g, with X = dt, on the hypcrsurfacc t = 0; 
however the integrands do not seem to be identical. Nevertheless, under the 
conditions of Theorem 2.3 the resulting numbers coincide, because under the 
asymptotic conditions of Theorem 2.3 only the linearised terms matter. 

The convergence of the mass integrals requires appropriate boundary con- 
ditions, which are defined using the following orthonormal frame {/i}i=i,n on 
Mext: 

(2.6) $-V, = rt, , i = l,...,n-l, $-Vn = Vr'' + kdr, 
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where the e^'s form an orthonormal frame for the metric h. We moreover set 

(2.7) 9ij := gifiJj) . 

2.1. Asymptotic decay conditions. We shall require: 

Im,^ - + Er,j,k \fkig^j)\') V O ^ dflg < ^ , (2.8a) 

/Me,t - Rb\r O ^ dflg <oo , (2.8h) 



(2.9) 3O0 such that C-^b{X,X) < g{X,X) < Cb{X,X) . 

For the F's of Equations (1.4) or (1.6) we have 

(2.10) V = 0{r), ^b*{dV,dV) = 0{r) , 

where 6# is the metric on T*M associated to b, and this behavior will be 
assumed in what follows: 

2.2. Proposition. Let the reference metric b on Mgxt be of the form (1.2), 
suppose that V satisfies (2.10), and assume that $ is such that Equations (2.8)- 
(2.9) hold. Then for all V G A/feg the limits 

(2.11) H^{V):=\mi [ V\Vo^-^)dSi 

■R^oo Jr=R 

exist, and are finite. 

The integrals (2.11) will be referred to as the mass integrals. 

Proof. For any Ri,R2 we have 

(2.12) [ V'dSi= [ V'dSi+ [ diWd:^x, 

Jr=Ri Jr=R2 JlRi,R2]xN 

and the result follows from (2.2)-(2.5). □ 
Under the conditions of Proposition 2.2, the integrals (2.11) define a linear 
map from A/;,,, to M. Now, each map <I> used in (1.2) defines in general a different 
background metric b on iWgxt, so that the maps are potentially dependent 
upon (It should be clear that, given a fixed h, (2.11) does not depend upon 
the choice of the frame in (2.6).) It turns out that this dependence can be 
controlled, as follows: 

2.3. Theorem. Consider two maps a = 1)2, satisfying (2.8) together with 

(2.13) 2^ \gij - + 2^ \fk{9ij)\ = \ „ „ ^ „ 
^ Uyr ) , if n = 2 , tor some e > 0. 

Then there exists an isometry A of bo, defined perhaps only for r large enough, 
such that 



(2.14) 
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Proof. The arguments of the proof of Theorem 2.3 follow closely those given at 
the beginning of Section 4 and in Section 2 of [16], we need, however, to adapt 
some of the necessary ingredients to our different setup here. The conclusion 
of Proposition 5.2 below, which holds for all manifolds (A'^, h) considered here, 
enables us to use Theorem 3.3 (2) of [16]: if $i and $2 are two maps as 
above satisfying the decay assumptions (2.8)-(2.9) and (2.13) with respect to 
(isometric) reference metrics 61 := (<&J~^)*6o and 62 := (<&^^)*6o! then there 
exists an isometry A of the background metric bo, defined perhaps only for r 
large enough, as made clear in Proposition 5.2, such that 

$2 - $1 o = o(r~'*/2) 

One also has a similar — when appropriately formulated in terms of 6-ortho- 

normal frames, as in [16] — decay of first two derivatives. 
It follows directly from the definition of that 

In order to establish (2.14) it remains to show that 
(2.15) H^,oa{V) = H^,{V) . 

Now, Corollary 3.5 of [16] shows that o A has the same decay properties as 
$1, so that — replacing $1 by $1 o A — to prove (2.15) it remains to consider 
two maps = {ri,Vi) and = (r2,W2^) (where v"^ denote abstract local 
coordinates on N) satisfying 



(2.16) 



1_2 

r2 = ri + o(ri 



together with elements Vi := V o of Mb^ and V2 := V o of A/^j having 
the same expression in the first or the second system of coordinates. Local 

coordinates might not be defined on the whole of M; we shall remove this 
problem by embedding the manifold N in M2(n-i)^ so 

that local coordinates are 

turned into global coordinates. This has no effect in the sequel of the proof but 
enables us to consider a well-defined vector field 

defined only along M, and tangent to M. The decay estimates above imply 
that C = o(r^"/^) in the reference metric 61; by Theorem 3.3 (2) of [16] the 
same holds for its first two L'-derivatives. Elementary calculations show then 
that 

(2.17) 62 = 61 + Cc;bi + o(r-") , ^2 = 1^1+ A^C + o(r'"") , 

together with their first derivatives. Hence, to leading order in powers ofr ^ ri, 
everything behaves as if we were considering a first order variation of metrics 
through the action of the flow of the vector field 

We shall now show that if$^(y) = H^^^V). For the purpose of the cal- 
culations that follow it will be easier to replace the local integrand U by the 
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following one, 

(2.18) = Vd^ l-yDjg'^ + Vh'^bubjg^^ + 2 bHV^^Cjk 



which yields the same limit at infinity when integrated on an element V of Mb 
on larger and larger spheres (strictly speaking, we should not denote them by 
the same letter U, since they are different vector densities which give identical 
results only after an integration process; we shall however do so since expression 

(2.18) will only be used in the course of the current proof; we emphasise that 
the definition (2.3) is used in all other places in the paper). 

We now compute the variation of U when passing from the asymptotic map 
$1 (with reference metric hi and function Vi) to the second map $2 (with 
reference metric 62 and function V2). From Equation (2.17), we deduce 

(2.19) U'2 - V>\ = 5\]' + o(ri-"), 

where 5W is obtained by linearisation inC, at g = h and will be computed below, 
while the remainder terms decay sufficiently fast so that they do not contribute 
when integrated at infinity against either hi or 62- It remains to show that 
(5U* does not contribute either when integrated at infinity. In Equation (2.18), 
the only terms that contribute a priori to the variation of U are the following: 
, hki, Vdet h, D and V, but the decay estimates (2.17) show at first glance 
that only the variation of D will contribute to the first-order term SV. We now 
compute it Tising Formulas 1.174 of [8]. In all what follows, we denote b = hi 
and V = Vi. Then, 

5V' =Vdet h (-Vbkb''C + VDuDX^ - 2yRic(6)*^.C'') 
(2-20) , „ „ „ „ o o X 

+ Vdit6 (-2(L>V)L»jfcC^ + {DkV)DX^ + {D^V)DkC) ■ 

Fortunately, this will appear to be the sum of a divergence term plus lower 
order terms. The first step is to use the following elementary facts: 

-vbkb\' = -bk{vb\') + {bkV)b\\ 
vbkbx'^ = bk{vbx^) - {bkV)bx\ 



(2.21) 
which yield 



(2.22) 



= 2Vd^ {{bkV)b\' - {b'v)bkC'' - vmcihykC' 

+ divergence term . 
Each of the first two terms in the right-hand side may be transformed with 

{bkV)b^C = b^{Cb^v) - {b^bkV)c\ 
^^■^^^ -{b'v)bkC^ = -bkX^&v) + (^)fci^v)c^ 

and one may also use that V is an element of Mb to conclude that 

(2.24) - Ui = divergence term + o(r^""). 

This establishes the covariance of the mass functional. □ 
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2.4. Remark. For the purpose of explicit calculations we note that under (2.13) 
the mass integral i7$(V(o)) = H^{y/r'^ + k) can be written as: 

(2.25) 

H^{V(o)) = lim(i?2 + A;)x 

assuming that the right-hand-side of (2.25) converges. Here (F'~^^h is the Rie- 
mannian measure associated with the metric h induced on the level sets of the 
function r. 



2.5. Remark. The conditions (2.13) are sharp, in the following sense: let g be 
the standard hyperbolic metric, thus in a coordinate system [f,v^), where the 
v^^s are local coordinates on S"~^, we have 

(2-26) g=^^+f'h. 

Let, for sufficiently large r, (t~^{r,v^) = {f{r,v^),v^ {r,v^)) be given by the 
formula 

(2.27) f = r + -fr^-'^l'^ , v"^ = , 



where 7 is a constant. Then H^^{y/r'^ + k) does depend upon 7: in order to 
see that, consider any background metric of the form 

h = a^{r)dr'^ + r'^h , 

and let g satisfy 

(2.28) g = gnn{r, v^)a^{r)dr^ + c(r, v^yfi , 

for some differentiable functions gnn and c. One finds 
(2.29) 



i]^dSi\r=const ■■= U*9iJ dr A dv^ A • • • A dv 



n—l I 

r=const 



(n - i)c("-3)/2r"-2 f / do 
V [gnn-'i-- r^T 



a\r)y^ [ V or^ 
+ (^r^ - (c - 1)| ^det fiAB dv^ A---A dv'^'^ 



Applying this formula to the above g and h one obtains 

(2.30) Hc,.X^r^ + k) = hji + 8)n(n - l)72Volg^„_, (S^^-^) . 

One can also check that the numerical value of the linearised expression (2.25) 
reproduces the right-hand-side of (2.30) for the metrics at hand, thus is again 
not invariant under (2.27). 
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3. The mass 

In the asymptotically flat case the mass is a single number which one as- 
signs to each end of M [4, 15]; it is then natural to enquire whether there are 
some geometrically defined numbers one can extract out of the family of maps 
This will depend upon the structure of A/^q and we shall give here a few 
important examples. Throughout this section we assume that J\fbo 7^ 0- 

A. The simplest case is that of the manifold {N, h) of (1.1)-(1.2) having a strictly 
negative Ricci tensor, with scalar curvature i?^ equal to — (ra — l)(n — 2), so that 
n > 3 and k = —1 in (1.2). Similarly to the space forms discussed in Section 1, 
A/bQ is then [16, Appendix B] one dimensional: 



(3.1) V£Nb, ^V = AV(o) , A G M , % := y/r^ + k . 

The coordinate system of (1.2) is uniquely defined, so is the function V^q)! the 
number 

(3.2) m:=i^c(y(o)) , 

calculated using any $ satisfying the conditions of Theorem 2.3, provides the 
desired, ^-independent definition of mass relative to 60 j whenever (2.6) and 
(2.13) hold. 

B. Consider, next, the case of a flat [N, h) with n > 3, so that /c = in (1.2). 
Equation (3.1) holds again; however, the coordinate r is not anymore uniquely 
defined by b, since (1.2) is invariant under the rescalings 

r ^ ar , h ^ a~'^h , a G M* . 

This freedom can be gotten rid of by requiring, e.g., 

Vol^(iV) = 1 ; 

the number m obtained then from (3.2), with Vj-q) as in (3.1), provides the 
desired invariant. 

C. The case fc = -1-1 requires more work. Consider first the case where (A'", h) = 
(S"^^^ , g^n-i), so that the reference metric is the hyperbolic metric; it is conve- 
nient to start with a discussion of A4 in two models of the hyperbolic space: in 
the ball model, we consider the ball B = {x G M", < 1} endowed with the 
metric b = uj~'^S, where 

(3.3) ,^ = i(i_|^|2) , 

and 5 is the flat Euclidean metric. From (1.5)-(1.6) one finds that the set A/^ 
defined in (0.1)-(0.2) is the (n -|- l)-dimensional vector space spanned by the 
following basis of functions 



(3-4) ^(0) = ^3^2 ' 



where .t* is any of the Cartesian coordinates on the flat ball. In geodesic co- 
ordinates around an arbitrary point in the hyperbolic space, the hyperbolic 
metric is 6 = dr^ -|- sinh^(r)5sn-i and the above orthonormal basis of Mb niay 
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be rewritten as V(o) = cosh(r) and V(j) = sinh(r)n*, where is the restriction 
of to the unit sphere centred at the pole. 

The space Mb is naturally endowed with a Minkowski metric ry, with signature 
(+, — , • • • , — ), issued from the action of the group of isometrics 0+(n, 1) of the 
hyperbolic metric (c/., e.g. [16, Appendix B]). The basis given above is then 
orthonormal with respect to this metric, with the vector V(o) being timelike, 
i.e., ?/(V(o), ^(0)) > 0. We define the time orientation of A4 using this basis — 
by definition a timelike vector X^^^^V^^) is future directed if X'^^^ > 0, similarly 
for covectors; this finds its roots in a Hamiltonian analysis in the associated 
Lorentzian space-time. Assuming that there exists a map $ for which the 
convergence conditions of Proposition 2.2 are satisfied, we set 

(3.5) P(^) := ^$(V(^)) . 

Under isometrics of b the V(^)'s are reshuffled amongst each other under the 
usual covariant version of the defining representation of the Lorentz group 
0+(n, 1). It follows that the number 

n 

(3.6) rn'--=\{Pio)?-T.(-Pii))'\ 

i=l 

is a geometric invariant, which provides the desired notion of mass for a spherical 
asymptotic geometry. The nature of the action of 0+(n, 1) on Mb shows that 
the only invariants which can be extracted out of the i?<j,'s are m? together 
with the causal character of p(^) and its future/past pointing nature if relevant. 
Under natural geometric conditions p(^) is timelike future pointing or vanishing, 
see Section 4 below. For timelike P(/i)'s it appears natural to choose the sign of 
m to coincide with that of P(o), and this is the choice we shall make. 

Suppose, finally, that the manifold (N, h) is the quotient of the unit round 
sphere (§"^^, ygn-i) by a subgroup F of its group of isometries. For generic 
F's one expects the conformal isometry group of [N, h) to be trivial, in which 
case all the integrals p(^) defined by Equation (3.5) define invariants. In any 

case, for non-trivial F's conformal isometries of (iV, h) are isometries (for com- 
pact Einstein manifolds which are not round spheres the group of conformal 
isometries coincides with the group of isometries; this follows immediately, e.g., 
from what is said in [29]; P.T.C. is grateful to A. Zeghib and C. Frances for 
useful comments concerning the structure of the group of conformal isometries 
of quotients of spheres), and, in addition to m, p(o) becomes then a geomet- 
ric invariant. Further invariants may occur depending upon the details of the 
action of the group of isometries of {N, h) on A4o • 

3.1. Remark. Our results also apply in dimension n = 2. This might seem 
somewhat surprising at first sight, because there is no direct useful equiva- 
lent of asymptotic flatness and of the associated notion of mass given by an 
ADM-type integral in dimension 2: when the scalar curvature is in L^, the 
appropriate analogue of mass is the deficit angle, as made precise by the Sh- 
iohama theorem [37]. For the metrics considered here the Shiohama theorem 
does not apply; however, the metrics we study can be thought of as having 
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a minus infinite deficit angle, consistently with a naively understood version 

of the Shiohama theorem — the ratio of the length of distance circles to the 
distance from any compact set tends to infinity as the distance does. Exam- 
ples of metrics on M^xt which satisfy our asymptotic conditions and have a 
well defined non-trivial mass — with respect to a background given by the 2- 
dimensional hyperbolic metric — are provided by the Riemannian counterpart 
of the generalised (2 -|- l)-dimensional Kottler metrics, 

(3.7) g = — - + r^dip^ , <(C G [0, 27r] mod 27r , 

for some constant jy G M; 77 = — 1 corresponds to the standard hyperbolic 
metric (as pointed out by Baiiados, Teitelboim and Zanelli [3], for positive r/ 
the associated static Lorentzian space-times with V = y^r^ — ?/ can be extended 
to space-times containing a black-hole region). The metrics (3.7) have constant 
Gauss curvature equal to minus one for all G M, so the integral condition on 
Rg in (2.8) holds with 

b = ^— - + r^dip^ ; 
r'^ + 1 

the remaining conditions arising from (2.8), as well as (2.9) and (2.13), are 
easily checked. Applying formula (2.25) one obtains 

in = P{o) = 27r(l -I- rj) 

(the remaining p(^) 's are zero by symmetry considerations) . For strictly neg- 
ative r] there is a sense in which m is related to a deficit angle, as follows: a 
coordinate transformation r —>■ \r, (fi —>■ <^/A, with = —rj brings the metric 

(3.7) to the standard hyperbohc space form, 

(3.8) g = ;^;2q-y + r'^dip'^ , <^ G [0, 27r/A] mod 27r/A , 

except for the changed range of variation of the angular variable (p; that range 
will coincide with the standard one if and only if the mass vanishes. For metrics 
asymptotic to (3.7) the geometric invariance of the mass should follow directly 
from this deficit angle character. This suggests strongly that some methods 
specific to dimension 2, perhaps in the spirit of the Shiohama theorem (c/. 
also [32]), could provide simpler proofs of geometric invariance and positivity 
when n = 2; we have not investigated this issue any further. 



4. Mass positivity for metrics asymptotic to the standard 

hyperbolic metric 

In this section we consider metrics asymptotic to the standard hyperbolic 
metric b of constant negative curvature —1; by this wc mean that the Riemann- 
ian manifold {N,h) is the unit round sphere (S"^^, (/gn-i). We wish to show 
that the usual positivity theorem holds under the weak asymptotic hypotheses 
considered in the previous sections. 
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4.1. Theorem. Let {M,g) be a complete boundaryless spin manifold with a 
metric, and with scalar curvature satisfying 

Rg ^ -n{n - 1) , 

and suppose that the asymptotic conditions (2.8) and (2.13) hold with {N,h) = 

, g^n-i) . Then the covector p^^^^ defined by Equation (3.5) is timelike fu- 
ture directed or zero (in particular p{Q-^ > 0). Moreover, it vanishes if and only 
if (M, g) is isometrically diffeomorphic to the hyperbolic space. 

4.2. Remark. 1. The differentiability of the metric can be replaced by a 
weighted VF^'^* Sobolev condition. 

2. As already pointed out, we say that a linear functional p on J\fb is causal 
(resp. timelike) and future- directed if it can be written as (p(o), • • • ,P{n)) 
orthonormal and future-oriented basis (V(o)) ■ ■ ■ ■> ^(n)) with 

n 

(4.1) (p(o))2 - J2^Pii) f > and p^o) ^ (resp. > 0). 

i=l 

This is the obvious equivalent of the corresponding definition for vectors; note, 
however, that with our signature (—,+,•••,+) future directed vectors are not 
mapped to future directed covectors by the isomorphism of TM with T*M 
associated with the metric. 

We emphasise that the Lorentz vector character of p(^) is not related to the 
tangent space of some point of M, or of some "abstract asymptotic point" 
("the tangent space at i°" — this last interpretation can be given to energy- 
momentum in the asymptotically Euclidean context), but arises from the fact 
that the adjoint action of the isometry group of the (standard) hyperbolic space, 
on the subspace of its Lie algebra singled out by Equations (0.1)-(0.2), is that 
of the defining representation of the Lorentz group on M""^^. 

3. Condition (2.8b) is actually not necessary for positivity, in the following 
sense: under the remaining conditions of Theorem 4.1, the argument of the 
proof of Proposition 2.2 shows that p(o) = cso whenever (2.8b) does not hold. 

4. Such a theorem cannot be obtained in a more general setting. For in- 
stance, in the asymptotically Euclidean context, it is well-known that positiv- 
ity statements may fail if the metric is asymptotic to some Z2-quotient of the 
Euclidean space [30]. In the asymptotically hyperbolic setting, Horowitz and 
Myers [25] have constructed an infinite family of metrics with ends asymptotic 
to a cuspidal hyperbolic metric (the topology of the end is M x T^), and with 
masses as negative as desired. If the topology of the end is the product of 
a half-line with a negatively curved Riemann surface, the mass may also be 
negative when minimal interior boundaries are allowed, and it is expected that 
the infimum of the possible masses is achieved only for the Kottler black-hole 
metrics [12,17,25,28,38]. 

5. The differentiability of the metric can be replaced by weighted Sobolev- 
type conditions; this is, however, of no concern to us here. 
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As a corollary of Theorem 4.1, together with [17, Theorem 1.3] and the re- 
marks at the end of Section V of [17] one has (see [17, Corollary 1.4]; com- 
pare [9]): 

4.3. Theorem. Let V be a strictly positive function on a three dimensional 
manifold M such that the metric 

J := -V^dt^ + g , 

is a static solution of the vacuum Einstein equations with strictly negative cos- 
mological constant on the space-time ^ := R x M . If 

(i) (M, g) is compactifiahle in the sense of Section 5 below, and if 

(ii) the conformal boundary at infinity of M is S'^, with V~^g extending by 
continuity to the unit round metric on S'^, 

then {M,g) is the hyperbolic space, so that (^,7) is the anti-de Sitter space- 
time. 

Preliminaries to the proof. The proof of Theorem 4.1 will follow the Gibbons- 
Hawking- Horowitz-Perry variation [21] of the classical Witten argument for the 
positivity of mass [40] (c/. also [1,34] and the remarks done in [18]), and relies 
on the existence on the hyperbolic space of a wealth of distinguished spinor 
fields, called imaginary Killing spinors. These are solutions ip of the differential 
equation 

(4.2) = + '-Cb{X)cfi = , 

where we denote by Ch{X)Lp the Cliff'ord action of a vector X on a spinor (p 
with respect to the metric b. On hyperbolic space there is a set of maximal di- 
mension of imaginary Killing spinors, which trivialise the spinor bundle. They 
can be described explicitly in the following manner [6]: one may choose the 
standard basis {di} of the flat space as reference frame, thus inducing an iso- 
morphism between the spinor frame bundle of (B, e) and IB x Spin{n). This 
can be transferred to the hyperbolic space through the usual conformal covari- 
ance (of "weight zero") of spinor bundles [20]. In this trivialisation, the Killing 
spinors of b are then the spinor fields fu given by 

(4.3) (pu(x) = io~^ (1 - icsix)) u 

where u is any non-zero constant spinor on the flat ball B, and lu is the conformal 
factor of the hyperbolic metric defined in (3.3). 

Following the terminology due to H. Baum, Th. Priedrich and I. Kath [6,7,19], 
the spinor ipu is said to be of type I (resp. of type H) if 

n 

(4.4) WuWg -\-''^^{cs{di)u,u)^ is zero (resp. is positive). 

1=1 

Type I spinors are actually sufficient for our purposes, we shall describe these 
ones only. For any imaginary Killing spinor, the function 

is always an element of Mi,. If ^Pu is moreover of type I, then there is a set 
of n constants (a^) G S""^ C M" and a constant A > 0, such that Vu = 
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A(V(o) ~ Yli Indeed, an explicit computation from Equation (4.3) above 

shows that, in the ball model, 

(4.5) Vu{x) = \\u\\j ^_,,2 + l_\^\2 ' 

I I j=l I I 

which is clearly future directed, and the type I condition (4.4) yields that Vu is 
isotropic in Mb- This shows in particular that Killing spinors of type I always 
exist on the hyperbolic space in any dimension. Further, e.g. as a result of 
covariance under isometrics, any future directed isotropic combination V(o) — 
^^aiV(j), (oj) G S>"'~^, can be obtained as a for some type I Killing spinor 
[i.e. for some constant spinor u on the fiat ball) in any dimension. For later 
use we also note that 

dVu{X) = i{cb{X)ipu, ipu)b ■ 

Proof of Theorem Let A be the symmetric endomorphism defined over 
-^ext by g{A-,A-) = b{-, •), which we will take to be of the form 

A = I — -e + {quadratic and higher order in e} 

if e is small enough; by this we mean that A^j = 5j — ^b^'^ej^j+ a second order 
Taylor expansion error term. One may use A as an isomorphism between the 
orthonormal frame bundles of b and g and any lift of it as an isomorphism 
between their spinor frame bundles. This enables, as in [1] (compare [10]), to 
transfer the spin connection of (Mext, b) on the spinor bundle of (Mcxt, 5); for 
notational convenience, the new connection will be denoted by D^. Note that 
this has the effect that the Clifford action Cb{X) of a vector X is transformed 
into the Clifford action Cg{AX) of AX. As a consequence, the transferred 
spinors, still denoted by ^pu, are now solutions of 

(4.6) D^ip^ = D^ip^ + ^Cg{AX)ipu = 0. 

We now denote by D the spinor connection associated to the Levi-Civita con- 
nection of the metric g and define the modified connection on spinors 

Dx = Dx+'-c,iX). 

For any ip^ we set 

where x is a cut-off function that vanishes outside of Mext and is equal to 1 for 
r large enough. Suppose, first, that ipu is compactly supported, hence vanishes 
for r > i? for some R on Mext ■ We apply the standard Schrodinger-Lichnerowicz 
[33, 36] formula relating the rough Laplacian of the modified connection D to 
the Dirac Laplacian [1], where 



(4.7) 
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with D being the usual Dirac operator associated with the metric g. Letting 
Sr = {r = R} C Mgxt one obtains 

(4.8) 

/ \\D^4l + ]-{Rg + n{n-l))\\^ufg-\\^^ufg = [ Bau{^u) 

JM\{r>R} 4 JSr 

JSr 

where v is the outer 6-unit normal to Sr, so that Av is its outer g-unit normal, 
and BAuifu) is the boundary integrand, explicitly defined by 

(4.9) BYip) = {DYP + CgiY)$)p,p)g 

for any spinor p and vector Y. 

Assume that (M, g) is not the hyperbolic space, otherwise there is nothing 
to prove. Let H be the usual Hilbertian completion of the space of compactly 
supported smooth spinors on M with respect to the norm defined as 

(4.10) \m% := (^\\Di;\\l + ^ (i?, + n{n - 1)) HV^H^) dfig . 

We wish to show that for any = xfu + "^u, with tp^ € H, we will have 

(4.11) / ||5$„||2 + i(i?3 + n(n-l))||^>„||2-||S$„||2= lim / BAui^u) ■ 
JM ^ y y R^ooJs^ 

Wc start by showing that H can be identified with a space of H^^^ spinor 
fields on M, with the norm || • \\h still given by (4.10) (after identification) for 
aWtp e H. First, it is not too difficult to show [5] that in dimension larger than 
or equal to three there exists a strictly positive function u; on M such that 
for all H^^^ spinor fields ip with compact support we have 

(4.12) / miwdpg< [ imwidfi, 

JM Jm 

The function w can be chosen to be constant in the asymptotically hyperbolic 
end. In dimension two one can also prove (4.12) if one assumes further that there 
are no imaginary Killing spinors. This is sufficient for our purposes because, 
if there exists a Killing spinor then, by [6], we are in hyperbolic space, where 
there is nothing to prove. So one might as well suppose that there are no such 
spinors. 

Let be the space of measurable spinor fields on M such that 

(4.13) := 1^ ml (^w + ^ {Rg + n{n - 1))) mfgdfig < oo 

where is understood in the distributional sense. Define Jif C as the 
completion of C^, in J^, with respect to the || • \\jff norm. It is then easy to 
verify the following: 

4.4. Proposition. The inequality (4-12) remains true for all ip ^Jf. 

Proof. Both sides of (4.12) are continuous on (Jf , || • □ 



9 
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4.5. Proposition. If {M,g) is complete then =J&. 

Proof. U (p E then the sequence Xi4> converges to (p in (■^j || ■ ||^)) where 
Xi{p) = xidpoip)/'')^ where dp^ is the distance to some chosen point po G M, 
while X • 1^ ^ [0, 1] is a smooth function such that xl[o,i] = 1) xl[2,oo) = 0- 
Smoothing using the usual convolution operator yields the result. □ 

4.6. Proposition. If (M, g) is complete then there is a natural continuous 
bijection between {J^, \\ • and {H, \\ ■ \\h) which is the identity on C^; in 
particular, elements of H can be identified with spinor fields on M which are 
in Jf. 



Proof. By Proposition 4.5 both spaces are Hilbert spaces containing as a 
dense subspace, with the norms being equivalent when restricted to by 
Proposition 4.4. □ 
Let F{ip) denote the left-hand-side of Equation (4.11) with = x'Pu + V' 
there, let tpi G converge to ip in H, we have 

F(^)-F(V',) = m%-\\AfH 

Jm 

-2 / {$){x^^),$){^-^i)) 
Jm 

^ JM 

It should be clear from the fact that D{x^u) £ I^{M) that all the terms above 
converge to zero as i tends to infinity, except perhaps for the last one (recall that 
we are only assuming that < {Rg + n{n — l))\V\ G L-^(Mext)); the convergence 
of that last term can be justified as follows: 



/ (i?g + n(n-l))(x</^„,V'-V'i) < ([ {Rg + n{n-l))\\x'Pufg] 
Jm \Jm J 

[ {Rg + nin-l))U-iJi 
Jm 



1/2 



< WxVuWhH -'<Pi\\H ■ 



(Here we have applied the Cauchy-Schwarz inequality associated with the posi- 
tive quadratic form occurring in the left-hand-side above.) Now, -F(V'i) = -^(0)) 
and we have shown that Equation (4.11) holds for all ipu G H, as claimed. 

To obtain positivity of the left-hand-side of Equation (4.11) we seek a 
such that 

(4.14) = ^ = -T){x^u) . 
We now use the fact that ipu solves (4.6), hence 

(4.15) Dx^u = {Dx - D\)vu - \cg{AX - X)^^ . 
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Now, in any gi-orthonornial frame {fa}a=i,...,m if ^ denotes the connection 1- 
forms of either D or D'' (with the obvious notations), one has: 

(4.16) Dx-D^ = ^j2 MX) - u%{X))cg{U)cg{fp) . 

a,/3=l 

The calculations of [1, Section 2.2] lead then to 

(4.17) <c(|i^^|(, + |^-id|(.) I^^^l =^ %{xiPu)&L\M,dfig) . 

Equation (4.17) and arguments known in principle [1,14,23,35] (c/. also [5]) 
show that there exists tp^ in H such that Equation (4.14) holds. It then remains 
to show that the integral at the right-hand-side of Equation (4.11) is related to 
the map H^. In order to do this, we complement u into a direct 6-orthonormal 
basis {i^, ej}j=i^...^„_i. Seen as sitting in M, {Au, Aei}i=i^„_^n-i is a direct g- 
orthonormal basis on Sr- One easily finds 

n-l 

(4.18) Bau{^u) = ^{Cg{Au)Cg{Aei)DAei^u,^u)g ■ 

i=l 

From (4.15) and (4.16), we obtain 

^ n—l n 

BAiyifu) = Yl i^o^l3{^^i) - ^ipi^^i)){CgiAiy)Cg{Aei)Cg{fa)Cg{fp)(pu,fu) 

i=l a,f3=l 
. n-l 

+ Y{cg{Au)cg{Aei)cg{A{Aei) - Aei)tpu,^u) 
^ i=i 

2 1 

= - - ^ {uojQ{Aei) - J'jQ{Aei)){cg{Aei)cg{Aej)ipu,Vu) 

^ ri—1 

+ 4 X] i^jkiM) -i^'jkiAei)){cg{Au)cg{Aei)cg{Aej)cg{Aek)(pu,(Pu) 

i,j,k=l 
. n—l 

+ 2 'Y{cg{Au)cg{Aei)cg{A{Aei) - Aei)ipu,iPu) , 

i=l 

where the subscript .q in the last formula denotes the basis element Av. These 
formulae correct Equation (34), page 20, in [1]: in the second line of that 
equation the multiplicative factor 1/4 should be changed to 1/8; this minor 
mistake carries over to all the equations that follow. 

One may now use [1, Formulas (2-3)] to compute the difference between the 
connection 1-forms of D and (or, equivalently, the connection 1-form of D^) 
with respect to the covariant derivative D^A. Following again Andersson and 
Dahl's argument [1], and noting that all the imaginary- valued terms have to 
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cancel out because the left-hand-side of (4.8) is real, one eventually gets: 
(4.19) 

^ n—1 

Bai.{^u) = 2 {9{{D\^A)ei,Aei) - g{{D\^.A)v,Aei)) {Vu,Vu)g 
1=1 

+ i 9{{Dl.A)ej,Aek){cg{Av)cg{Aei)cg{Aej)cg{Aek)^u,^u)g 

i,j,k distinct 
. n—1 

+ 2 X] M^^ygiA^iyg (^(^ej) - Ae,) ipu)g. 

i=l 

Using the (spin) isomorphism A, this can immediately be rewritten as: 
(4.20) 

^ n—1 

BAuiy^u) = 2 I] {b{A-\D'X,A)ei,ei) - 5(^-1 (D^^^)!/, e^)) {^u,y^u)b 
1=1 

+ i b{A~^iDliA)ej,ek) {cb{u)cb{ei)cb{ej)cb{ek)fu,^u)b 

i,j,k distinct 
. n-1 

+ 2 XI Mi')cb{ei)cb {Aci - Ci) ifu, (Pu)b, 

i=l 

where all computations take now place on the spinor bundle of the reference 
hyperbolic metric. Taking into account the relationship between the squared 
norm of (p^ and V^, we now recall that our asymptotic conditions imply that, 
in the last formula, any quadratic term in ^4 — I and D''A (or, equivalently, in 
e = g — b), when integrated on Sr, has limit value zero as r goes to infinity. 
One may then eliminate a large number of occurrences of the map A from the 
above formula. We will use below the notation [/ ~ 1/ to mean that V is the 
only term that contributes when integrating U on larger and larger spheres. 
Equivalently, 

[/ ~ y =^ \im I U = lim V. 

r^oo la r— >oo la 

Then, one obtains in our case: 
(4.21) 

^ n—1 

BaA^u) - 2 X {^{{B>lA)e,,ei) - h{{p\A)v,ei)) {ifu,Vu)b 

i=l 

+ ^ X KiI^liA)(^j^(^k) {cb{i^)cb{ei)cb{ej)cb{ek)(pu,<fu)b 

i,j,k distinct 
. n-1 

+ 2 X Mi')cb{ei)cb {Aci - Ci) ipu, Vu)b- 

i=l 
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Furthermore, the last term in the previous formula is easily computed and it 
remains: 

^ n—l 

1=1 

+ i H K(.Dl^A)ej,ek) {cb{u)cb{ei)cb{ej)cb{ek)ipu,Vu)b 

i,j,k distinct 

- 2 ^^^^^ ~ {^b{v)Vu, ^u)b - {CbiiA - I)l^)(Pu, ^u)b) ■ 

The second term in this last formula contributes as zero, since A (hence D^A) 
is symmetric and • Cj • is antisymmetric. We then get: 

lim / BaAvu) = lim / J V(fe((L'^^)e,,ei)-6((L>^^^)i.,ei)) </:>„)6 

- 2 (*'^(^ ~ I){cbii^)Vu,<Pu)b - {cb{{A - I)l^)Vu, <Pu)b) ■ 

To compare with our previous formulas for mass integrals, we now replace A 
by / — ^ e (as remainder terms in a Taylor expansion contribTitc as zero in the 
limit) and relate the norms {cpu, ^u)b and {cb{u)-(pu, ^u)b to Vu using \<fu\b = ^ 
and i{cb{X)ipu, ^u)b = dVu{X) to obtain in the limit: 

1 f 

-- lim / Vu{d{tvbe){iy) - y2Dl.e{iy,ei)) - {tvb e) dVu{iy) + dVu{e{u)) , 
or, equivalently, 

(4.22) lim / BaM = \ lim / UV^. 

As the left-hand side in the Schrodinger-Lichnerowicz formula (4.11) is nonneg- 
ative, this implies that the mass (seen as a linear functional on Mbo) is non- 
negative on any future-directed null vector in Mb^ ■ Standard considerations in 
Lorentzian geometry yield that this linear functional is causal and future di- 
rected (notice that we use here only the existence of imaginary Killing spinors 
of type I, which is valid in any dimension). It remains to show that it is either 
timelike, or vanishes. 

Suppose, then, that the mass (still seen as a linear functional on Mbo) 
is isotropic, then there exists a non-zero element W of the light cone in Abo 
such that it evaluates against W as zero. Up to rescaling, W can be written 
as V(o) ~ Si cti^ii) ^-iid we already noticed there exists a constant spinor u on 
(B,e) such that Vu = W. The Lichnerowicz-Schrodinger formula above has 
then a vanishing contribution at infinity. This implies the associated spinor 
is a Killing spinor, and H. Baum's work shows that (M, g) is isometric to the 
hyperbohc space [1,6]. The mass functional is then zero and this ends the 
proof of Theorem 4.1. □ 
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Manifolds with boundary. When (M, g) has a compact boundary one expects 
that the correct statement is the Penrose inequahty [11,26,27], which seems 
to lie outside of the scope of the Witten-type argument given above. Recall, 
however, that this last argument does lead to a positivity statement [21-23] 
when compact boundaries occur: 

4.7. Theorem. Let {M,g) be a complete spin manifold with a metric, with 
a compact non-empty boundary of mean curvature 

e ^ n - 1, 

and with scalar curvature satisfying 

Rg ^ — n(n — 1) . 

If the asymptotic conditions (2.8) and (2.13) hold with {N,h) = , g^n-i) , 
then the covector pf^^-j defined by Equation (3.5) is timelike future directed. 

Proof. When dM is non-empty, a supplementary boundary integral over dM, 
given by 

(4.23) [ BaA^u)= f {^aM^u + U@-{n-l)iCgin))^u,^u) , 

JdM JdM ^ 

appears in Equations (4.8) and (4.11), where O is the inwards oriented mean 
extrinsic curvature of 5M, while Sqm is a boundary Dirac operator. It is 
defined as 

n-l 

©aM = Cg(n) ^ Cg{ei)9ei , 

i=l 

where ^ is the spin connection intrinsic to 5M, explicitly defined on spinors 
fields on M restricted to dM as 

(4.24) 9x = Bx- \cg{n)Cg{B{X)) , 

where B is the shape operator of the boundary. 

Following [21] (compare [23]) we impose the following boundary condition on 
the spinors 

(4.25) = , 
where £ is a hermitian involution on spinors given by 

(4.26) £ = icg{n) 

as in [24]. It is proved in this paper that this leads to a self-adjoint elliptic 
problem for the Dirac operator which can be solved. Positivity of the mass 
is obtained through the same argument as before, the boundary contribution 
(4.23) having the correct sign since eTiqm = —Tiqm^ so that 

= -{e^u,^dM'^u) 

(4.27) = -{^u,^dM^u)- 
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As a result, {^u^'^dM^u) vanishes and it remains 

(4.28) / Ba,{^u)= I (^(e-(n -!))$„,$„) 

JdM JdM ^ 

for the boundary contribution. This proves as above that the covector 

defined by Equation (3.5) is timelike future directed, or lightlike future directed, 

or vanishing. Let us show that those last two possibilities cannot occur: clearly, 

P(^) can be lightlike or vanish if and only if M carries an imaginary Killing spinor 

satisfying the boundary condition (4.25) at dM. Further, Equation (4.28) 

implies that O is identically equal to (n — 1) — otherwise, the imaginary Killing 

spinor field would be zero on an open set on the boundary, a situation which 

is forbidden by the uniqueness property of solutions of ordinary differential 

equations. Moreover it is a classical fact [6] that existence of an imaginary 

Kilhng spinor implies that (M,g) is Einstein, of scalar curvature —n{n— 1). 

Hence we have the following situation : a non compact Einstein manifold, 
looking like the hyperbolic space at infinity and with a compact inner boundary 
of constant mean curvature n — 1. Choose any very large sphere-like compact 
submanifold S in the asymptotically hyperbolic end of M and consider the 
part of M located inside S. It is a compact Einstein n-manifold with boundary 
having two components, one of constant mean curvature Qqm = n — 1 and the 
other one having (not necessarily constant) mean curvature Qs close to that of 
a sphere in the hyperbolic space by (2.13), hence which can be taken so that 
&S > — 1 at each point of S (here, both mean curvatures are computed with 
respect to the normal unit vector pointing towards infinity). 

Let now p be in dM the closest point to S and 7 be a minimising geodesic 
from S to p, starting from a point q in S. Let £ be the distance from dM 
to S, i.e. the distance from p to q. Wc now consider the family dMs of 
submanifolds obtained by pushing the boundary dM a distance 6 through its 
normal exponential map towards S, and the analogously defined submanifolds 
Sn obtained from S by pushing it a distance 77 towards dM. 

For > small enough, the submanifold dMg is still smooth. Moreover, the 
contact point r of dMs and 7 is necessarily the closest point of dMs to S (and 
is at distance £ — 5). As 7 is minimising, the distance function to S is smooth in 
an open neighborhood of 7\ {p}, hence the submanifold S^^s is smooth around 
r, contained in the (closure of the) unbounded part of M delimited by dMs and 
is necessarily tangent at r to dMs. 

It remains to show that this leads to a contradiction. This follows from 
classical comparison geometry: the usual Riccati equation for the normalised 
mean curvature H = reads [13]: 

g-g_H2_Ric(y,y) 

n — 1 

where H stands either for the outwards normalised mean curvature of the family 
{dMs} or for the outwards normalised mean curvature of the family {Sr^} and 
' denotes differentiation with respect to either 5 or —77. As (M, g) is Einstein, 
this translates in our context as: 

H' <1-H^ 
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and one gets by standard arguments that 

HdMg ^ 1 and Hg^ > 1 for any r/ > 0, S > 0. 

At the point r, this contradicts the comparison principle for the mean curvature 
equation, which ends the proof. □ 

4.8. Remark. This result is of special interest in general relativity, where the 
condition on the mean curvature (G ^ n — 1) has the following interpretation: 
let a G M be a constant satisfying |a| < 1, then our Riemannian manifold 
can be thought of as arising from a spacelike slice i{M) in a vacuum space- 
time with cosmological constant A := —(1 — a'^)n{n — 1) < 0, such that i{M) 
has extrinsic curvature Kij = agij. The condition Rg > —n{n — 1) is then 
equivalent to requiring positive energy density on i{M), while the condition 
^ —a{n — 1) is equivalent to the statement that dM is an outer-future- 
trapped, or marginally outer-futurc-trapped, compact hypersurface in i(M). 
Under suitable global conditions existence of such surfaces implies existence of 
a black hole region in the associated space-time. Similarly the condition ^ 
a(n — 1) is associated with outer-past-trapped surfaces, and leads to existence 
of white hole regions. A significant consequence of the above result is then that 
the trapped surface situation is far away from the case of vanishing mass. This 
gives mathematical support (disjoint from all known physical reasons) to the 
idea that some statement analogous to the Penrose inequality [11,27] should 
hold in the asymptotically hyperbolic case as well. 

4.9. Remark. In the special (and interesting for physics) case a = (i.e. G < 0), 
there is a shorter way to prove that mass cannot vanish: in the proof of Theorem 
4.7, one may take for e any self-adjoint involution satisfying Cg{n)e = —ecg{n) 
and eDqm = —T>qm£ (such an e will certainly exist if our Riemannian mani- 
fold is isometrically embedded as a Riemannian slice in a Lorcntzian (n + 1)- 
dimensional manifold, or more generally, if the spinor bundle carries a repre- 
sentation of the Clifford algebra of the Lorentzian metric 7 = — cq <Si eo + g; in 
any of those cases one sets e = c^{eo)c^{n) — note however that, in the rest 
of the proof as well as in the other parts of the paper, our discussion will stay 
purely Riemannian, as opposed to [21,23,34]). A calculation identical to (4.27) 
shows that the boundary integral will have the right sign and the proof goes 
through without modifications, implying that the covector p^^-j is timelikc fu- 
ture directed, or lightlike future directed, or vanishing. Assuming one of the 
last two conclusions, the equality case in the Lichnerowicz-Weitzenbock formula 
yields again existence of an imaginary Killing spinor. When restricted to the 
boundary, this spinor field would then be an eigenspinor of the formally self- 
adjoint boundary Dirac operator TIqm for a purely imaginary eigenvalue, which 
is certainly impossible on a compact manifold. 

5. The mass of conformally compactifiable asymptotically 

hyperbolic ends 

The metric g of a Riemannian manifold {M,g) will be said to be com- 
pactifiable if there exists a compact Riemannian manifold with boundary (M ^ 
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MUdooMUdM, g), where dM = dMUd^M is the metric boundary of (M, g), 
with dM — the metric boundary of (M, g) , together with a diffeomorphism 

tp : intM M 

such that 

(5.1) rg = ^-^9 , 

where Q is a defining function for dooM (i.e., $7 > 0, {$7 = 0} = dooM, 
and dQ, is nowhere vanishing on dooM), with g — a metric which is up- 
to-boundary on M. The triple {M,g,Q.) will then be called a conformal 
completion of (M, g) . Clearly the definition allows M to have a usual compact 
boundary. (M, g) will be said to have a conformally compactifiable end M^xt if 
M contains an open submanifold Mext (of the same dimension that M) such 
that (Mext,5|Mext) conformally compactifiable, with a connected conformal 
boundary OocMcxt- 

In the remainder of this section we shall assume for simplicity that the con- 
formally rescaled metric g is smooth up to boundary; it should be clear how 
the conditions here can be adapted to a weighted Holder or Sobolcv setting to 
allow lower differentiability compactifications consistent with the requirements 
of Theorem 2.3. 

It is easily seen, using the transformation properties of the Riemann tensor 
under conformal transformations (c/., e.g., [29]) that for smoothly compactifi- 
able metrics all the sectional curvatures k of g satisfy 

(5.2) {'^+\dn\l#)ip)^p^a^MO, 

where | • denotes the norm of a tensor with respect to a metric k; recall that 
g"^ is the metric on T*M associated to g. 

Now, Equation (5.1) determines only the conformal class [g\ of g. Without 
loss of generality we can restrict the representative g of [g] so that the metric 
ho induced by g on d^M has constant scalar curvature normalised as in (1.3), 
and this restriction will be made in what follows. 

A compactifiable metric will be called asymptotically hyperbolic in an end 

Mext if 

(5.3) VpG^ooMext \dn\l#{p) = l. 

In what follows we restrict our considerations to a single end M^xt , replacing M 
by Mgxt we will assume that M = M^xt, so that d^M = dooMext- Whenever 

(5.3) holds on dc^M, a preferred representative of \g\ in a neighborhood of dooM 
can be chosen by requiring that 

(5.4) ^ 1 . 

Using X := 0, as the first coordinate, a coordinate system can be constructed 
(in some perhaps smaller neighborhood of dooM) in which g takes the form 

g = {dx'^ + hx) , 

where hx is an x-dependent family of metrics on N := d^M. We define the 
reference metric b as 

(5.5) b := x'^ {dx'^ + (1 - kx'^/Afho) 
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(compare Equation (1.8)). To make contact with Section 3, we assume that b is 

one of the metrics considered there. If r is defined by Equation (1.7), then the 
asymptotic conditions of Proposition 2.2 and of Theorem 2.3 will hold if and 
only if 

(5.6) < i < [n/2j ^ (h^ - (1 - kx^/Afho) = 

x=0 

^ K = {1- kx'^/^fK + o(xL'*/2J ) , 
where \_a\ denotes the integer value of a, and if 

(5.7) Rg + n{n - 1) = 0(a;"-i) . 

For instance, in the physically significant case n = 3, Equation (5.6) is equiva- 
lent to the requirement that the second fundamental form of d^oM vanishes in 
the conformal gauge (5.4). 

Under Equations (5.6)-(5.7), given some compactification {Mi,gi,^i) of an 
end (Mcxt, 5) of M, we use the background (5.5) to define its mass, whenever the 
resulting background is one of those discussed in Section 3. (As already pointed 
out, when [dooM, ho) = {§>'^~^ , g^n-i) this definition coincides with that of [39].) 
Consider a second compactification {M2, 92,^2) of {M,g) satisfying the above 
requirements; it is far from clear that the resulting mass will be the same. This 
turns out to be the case: 

5.1. Theorem. Suppose that {M,g) contains a conformally compactifiable end 
Mext such that (<9ooMext,ff|acx)Mext) '^^^ of the manifolds considered in Sec- 
tion 3 (that is, the scalar curvature of h is as in (1.3) and either h has strictly 
negative Ricci curvature, or is flat, or is the round sphere, or a quotient thereof). 
Assume, moreover, that Equations (5.6)-(5.7) hold. Then the mass of Mext, as 
defined above, is independent of the compactification of Mgxt chosen for its cal- 
culation. 

Proof. As already pointed out above, we can modify the gaS and Jla's so that 

(5.8) \dna\* = 1 

in a neighborhood of dooMa. Using the as the first coordinate, in neigh- 
borhoods of respective boundaries we can write the metrics ga as 

ga = dnl + /i« , 

where /i" is the metric induced by ga on the level sets of Qa- We introduce 
radial coordinates as in (1.7), 

1 - ml/4 



rn. = 



a 



so that 



'^'^l I „2. 1 . B _ dr^ 2.2 



r'i + k ' ■—"-^"-1 ^2^j^ 

where k is defined by Equation (1.3) using the boundary metric arising out 
from gi, and we have denoted by (ra,f^), a = 1,2, the corresponding local 



THE MASS OF ASYMPTOTICALLY HYPERBOLIC MANIFOLDS 25 

coordinates near d^M^. It follows from [16, Theorem 3.3] that the map 

extends by continuity to a differentiable map from Mi to M2- Equivalently, 
<l>\^ o (j)2 extends by continuity to a continuous map from M\ to M2. Further, 
point 1 of [16, Theorem 3.3] shows that the limit 

lim v^{ri,vt) 

exists, and defines a C°° conformal diffeomorphism * from (5ooMi, /i^jg^jvii) 
to {d^M2,h\^M2)- 

(5.9) '^*h\^M,=e1'h\^M,. 

Replacing gi by e^gi and by f^ie^/^ , where, by an abuse of notation, we 
use the same symbol to denote the extension of from dooMi to Mi such 
that 

|d(17ie^/2)|(,,^)# = 1 , 

we obtain Equation (5.9) with ^ = 0, hence h^\dooMi is isometric to h'^\dooM2- 
As a result. Theorem 2.3 together with the discussion of Section 3 establishes 
Theorem 5.1. □ 

We note that the argument just given also proves the following: 

5.2. Proposition. Consider {Mcy±,h) with a metric of the form, (1.2). Then 
for every conformal isometry ^ of {N, h) there exists i?* > and a b-isometric 
map $ : [i?*, 00) x N ^ [R, 00) x N, such that 

lim $(r, •) = *(•) . 

r— »oo 

6. Uniqueness of conformal completions 

It should be clear that the invariance of the mass is related to the question of 
uniqueness of conformal compactifications. There are several issues to address 
here: gi is conformal to an appropriate pull-back of g2 on the interior of Mi, 
but the relative conformal factor could blow up as one approaches the boundary 
of Ml. Even if the relative conformal factor remains uniformly bounded both 
from above and below, it is not clear whether or not it extends differentiably — 
or even just continuously — to the boundary. Let us show that things behave 
as expected, so that conformal completions are conformally diffeomorphic in 
the sense of manifolds with boundary; notations are the same as in the previous 
section. 

6.1. Theorem. Let {M,g) be a Riemannian manifold endowed with two C°°- 
conformal compactifications (Mi, 171, ili) and (M2, 52, ^^2)- Then 

o 4)2 : intM2 intMi 

extends by continuity to a C°° conform,al up-to-boundary diffeomorphism from 
(M2,52) to {Mi,gi), in particular Ml and M2 are diffeomorphic as manifolds 
with boundary. 
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6.2. Remark. Results about completions of finite differentiability can be ob- 
tained in a similar way, by chasing the order of differentiability through various 
steps of the arguments below. 

Proof. Let ip2 be defined on intMi by the equation 

■= 

Equation (5.8) gives 
(6.1) 1 = \dn '2 



2L# 
92 

92 



2 



= (p2\dfli\ #+2(p2^ig2id(p2,d^i) + Cli\d(p2\ # 

9-2 92 

= \dni\'^# + 2Lp:2^nig*{d(p2,dni) + <f2^nl\dip2\'^# , 

9i 9i 

hence 

(6.2) 2nigf{d{ln (^2), d^i) = -nl\d{ln ip2)f# < . 

9i 

We can identify a neighborhood of dMi with dMi x [0, xq] using the flow of 
gY{dQ.i,-). Equation (6.2) shows that In 992 is monotonously increasing along 
the integral curves of the vector field gf{d^i,-) when Jli decreases, so that 
there exists a constant C2 ■= inf^Mixjio} ^2 such that on dMi x [0, Xq] we have 

(6.3) C2 > —00 . 

Applying the same argument, with gi and g2 interchanged, to 

rii o 4)7^ o (ho 1 1 — 

:= 'J^ Z± = _ o o 01 : intM2 R , 

i^2 ^2 

shows that on dMi x [0, xq\ it holds 

(6.4) Vi>Ci> -00 . 

Equations (6.3) and (6.4) clearly imply that the i^a's are uniformly bounded 
and uniformly bounded away from zero. 
Set 
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Let Ug^ denote the distance function associated with the metric ga- For p, q in 
intMi we have 



This, together with an identical calculation with gi and g2 interchanged shows 
that (j)i2 and (l)2i are uniformly Lipschitz continuous. 

Clearly, M2 is the metric completion of the manifold M with respect to 
the metric {<p2^)*92'i similarly for Mi. An identical calculation shows that the 
metrics {(t)~^)*ga, a = 1,2 define uniformly equivalent distance functions. But 
completions obtained using equivalent distances arc homeomorphic; it follows 
that Ml is homeomorphic to M2, in particular dM\ is homeomorphic to OM2. 
In fact, by definition we have 

(6.6) 4>2l o (1)12 = idAf2 , <Al2 o <p21 = idMi • 

Since ^12 and (p2i are continuous, they have an extension by continuity to the 
metric completed spaces; we will use the same symbol to denote those exten- 
sions. It is then easily seen that (6.6) with Ma replaced by Ma holds for the 
extensions, so that the extensions do directly provide the desired homeomor- 
phism. Equation (6.5), together with its equivalent with gi interchanged with 
g2, further show that the extensions ^21 and 0i2 are uniformly Lipschitz con- 
tinuous on Ml and M2. Obviously 



with (/>2i|aMi and 012I9M2 being homcomorphisms inverse to each other by the 
completed spaces equivalent of (6.6). We have: 

6.3. Lemma. The map (/)2i is up-to-boundary. 

Proof. We can conformally rescale g so that (5.3) holds with g = gi and = Qi; 
as (5.3) is conformally invariant, (5.3) will also hold with g = g2 and = 0,2- 
Introducing coordinates ra as in the proof of Theorem 5.1 with, say fc = 0, we 
can apply Theorem 3.3 of [16] to obtain the desired conclusion. □ 

Returning to the proof of Theorem 6.1, Lemma 6.3 shows that for all p G dMi 

the maps (02i)*(p) are similarities with non-zero ratio (in general depending 
upon p). Differentiability of (f)2i further implies that (4)21 is ACL"^, as defined 
in [31]. We can then use a deep result of Lelong-Ferrand [31, Theorem A] to 
conclude that (p2\dMi and (f)2i\dMi are smooth. Now, u := (<f2)^~ solves the 



(6.5) 




Cag^{p,q) . 



(f)2i : dMi ^ dM2 , <f)i2 : dM2 ^ dMi , 
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Yamabe equation, 

(6.7) Ag,u - ^^fs.^ = o 02i)n("+^)/(--^) . 

Here, as before, Rg^ denotes the curvature scalar of the metric ga- The right- 
hand-side of this equation is in L°°(Mi), and standard results on the Dirichlct 
problem imply that u — and hence (^2 — is uniformly on Mi. Now, 02i is 
an isometry between gi and ^2'^g2 which implies that, in local coordinates, ^21 
satisfies on Mi the over-determined set of equations 

where Tj.g are, in local coordinates, the Christoffel symbols of the Riemannian 
metric {lp2 o (f>i2)^g2- The right-hand-side of this set of equations extends by 
continuity to a continuous function on Mi, which shows that (f)2i is uniformly 
on Ml. It follows that the right-hand-side of Equation (6.7) is uniformly 
on Ml, hence ip2 is uniformly on Mi. An inductive repetition of this 
argument establishes our claims. □ 

6.4. Remark. It would be of interest to find a proof of Lemma 6.3 which is more 
in the spirit of conformal geometry than the methods of [16] . 

6.5. Remark. Recall that there exists a conformally invariant version of the 

Abbott-Deser mass, due to Ashtckar and Magnon [2], in a Lorentzian space- 
time setting. We expect this expression to have a Riemannian counterpart 
which is also conformally invariant, with the numerical value thereof identical 
to that of the expression we propose. If that is the case. Theorem 5.1 is actually 
a straightforward corollary of Theorem 6.1; in particular one would not need to 
invoke the rather messy calculations of Theorem 2.3, which are implicitly used 
in the proof of Theorem 5.1. 
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